Abstract-New, computationally efficient expressions are developed for input and transfer impedance for cylindrical ports on rectangular power ground planes. The expressions show directly the low-frequency characteristics of the planes. This low-frequency behavior is exploited to obtain computationally efficient expressions for impedance parameters of the capacitor-loaded planes that show directly the characteristics of poles caused by the interactions of the loading capacitors and the planes.
I. INTRODUCTION
T HE MANAGEMENT of power supply impedance is an important aspect in the design of high-speed printed circuit boards (PCBs). The magnitude of the impedance at the ports where the components are connected to the supply system determines the amount of supply noise caused by their switching currents. The control of such noise is important for signal integrity, signal referencing, and electromagnetic compatibility. As such, expressions that quantify supply impedance are a useful tool in the design stage of a power distribution system.
In the literature, the power bus is often modeled as a rectangular cavity, and the impedance parameters for the unloaded planes are obtained as an expression involving infinite summations over the cavity modes [1] - [10] . The major contribution of this paper is the derivation of new formulas for the impedance parameters. These new equations offer the following advantages. 1) They use a cylindrical port structure that resembles more closely a via port structure than the rectangular ports used in [1] - [10] . 2) The expressions are computationally efficient, involving only one single, rapidly converging, summation. This is achieved without needing to collapse the port into a 1-D structure as is done in [11] , and thus, no ad hoc inductance adjustment term is needed. Further, the acceleration technique does not require assumptions regarding the port size as was necessary in [12] to enable the removal of the "sinc" factor. Unlike the traditional summations, the convergence of the new summation is not influenced by the port size and it has a calculable truncation error bound.
Manuscript received October 16, 2006 3) The impedance expressions are conveniently broken into low-and high-frequency characteristics. The lowfrequency characteristics comprise a static capacitance and an equivalent series inductance. The high-frequency component contains the resonance behavior associated with the propagating modes. 4) The low-frequency characteristics can be directly used with the eigenmode decomposition technique outlined in [13] to predict the interactions of many capacitors with the supply planes for frequencies below the first parallel resonance of the planes. These expressions show directly the characteristics of the poles caused by the interactions of the capacitors with the planes. The expressions are also computationally efficient, as they do not require infinite summations to be evaluated, nor do they require the inversion of an impedance matrix for every frequency point as is required in [14] . This paper is organized as follows. In Section II, a new cylindrical port for impedance parameters is defined. In Section III, the impedance parameters are transformed into equivalent expressions that are in terms of line current sources and electric field responses at the center of the ports. In Section IV, this transformation is used in conjunction with the single infinite modal summation of [15] . A convenient separation of the lowand high-frequency components of the impedance parameters is observed. In Section V, the low-frequency components of the impedance parameters are used with the eigen decomposition method [13] to predict the interaction of many loading capacitors with the planes. In Sections VI-VIII, the eigen decomposition method is applied to a typical PCB power bus that is loaded with many capacitors. Observations regarding the location and damping of the poles are made and the computational speed of this method is shown to be far superior to that of doing a matrix inversion for every frequency point.
II. DEFINITION OF IMPEDANCE PARAMETERS
Consider the rectangular power ground plane shown in Fig. 1 with x-dimension a, y-dimension b, plane spacing d, a dielectric of permittivity ε, and permeability µ. Two ports p and q are shown on the power bus with exaggerated dimensions to allow the port details to be displayed on the same figure. Fig. 1(a) shows the traditional rectangular ports of size ∆ x × ∆y and Fig. 1(b) shows the new cylindrical ports of radius r v .
A global Cartesian coordinate system is defined with its origin at the bottom left-hand corner of the planes. The location of ports p and q, referenced to this coordinate system, are (x p , y p ) and (x q , y q ), respectively. Each port has a local cylindrical coordinate system, as shown in Fig. 1(b) . To distinguish between 0018-9375/$25.00 © 2008 IEEE the different coordinate systems, the first argument of the parameter list of E z is used to indicate the coordinate system to which the parameters are referenced. For example, E z (0, x, y) indicates that x and y are referenced to the global coordinate system, while E z (p, ρ, φ) indicates that ρ and φ are referenced to the local coordinate system of port p. Fig. 1(b) shows an injected current distribution of J z between the planes at port p with port q left open. For a source current I p injected symmetrically and cylindrically around the periphery of port p such that
with δ (ρ) being the Dirac delta function, the impedance parameters are defined in terms of the potential difference at the ports, which is assumed to be related to the total electric field E z as
These impedance parameters can be used for N -port analysis as described in classical microwave theory texts such as [24] and [25] . The following assumptions are made.
A1) The supply planes are perfect electric conductors (PEC) and the open edge walls are perfect magnetic conductors (PMCs). A2) The metallic vias can be removed, and at the source port, replaced by a uniform impressed cylindrical current J z , as shown in Fig. 1(b) . A3) The potential difference (power pane with respect to ground plane) at a port can be obtained by averaging the total electric field E z around a cylinder centered on the port with radius r v and multiplying the result by −d. These assumptions result in a model that has 2-D fields with the electric field being only in the z-direction and the magnetic fields only in the x-and y-(or ρ-and φ-) directions. Assumption A1) is true if the planes are good conductors and sufficiently close together so that radiation and fringing effects can be ignored. The effect of finite conductivity can be approximated by allowing a small tangential electric field parallel to the copper planes [20] . Assumptions A2) and A3) require further that the ports be sufficiently small, a sufficient distance apart, and a sufficient distance form the edges of the PCB. If these conditions are not met, coupling effects will disturb the symmetry of the surface currents at the source port, giving rise to errors in the voltages at the ports, and hence, in the impedance values.
III. INFINITE PLANE SOLUTION
The electric field between a pair of infinite planes E z at a distance ρ from the center of a cylindrical shell current source of radius r v is [18] 1
where I p is the total injected current, and
is the wavenumber [20] with r = 2/ (ωµσ) being the skin depth of the electric field in the copper planes and tan δ the loss tangent of the dielectric separating them. If the infinite planes in (4) are truncated to finite rectangular planes of dimensions a × b with PMC boundaries, the total field produced by a cylindrical source at p can be obtained as an equivalent field using a 2-D grid of image sources on the infinite planes, as shown in Fig. 2 . It is shown in [16] that these images are located at (x n (x p ), y m (y p )) in relation to the global coordinate system, where The total field between the rectangular planes, referenced to the local coordinate system of a port q, is obtained by summing the contributions of the images and the source using (4) as
where {I} = {n, m : n ∈ Z, m ∈ Z} and Z is the set of all positive and negative integers including zero and r m n (x, y) is the distance between the sources and the observation point (x, y), defined as
In a similar way, the electric field referenced to the source port p is
Impedance parameters can now be obtained by substituting the electric field expressions of (7) and (9) into (2) and (3), respectively. The averaging integrations may be done analytically using the addition theorem for Hankel functions [19] , [22] . This gives
and (10) and (11) is the electric field produced by a line source (r v = 0). This is convenient as the modal summation for E z for a line source excitation does not require any "sinc" factors inside the summation [15] . In the following section, it will be demonstrated that (11) can be used to obtain expressions for impedance parameters that do not have the traditional "sinc" factors, and therefore, do not have their convergence affected by the port size.
IV. MODAL SUMMATION
With reference to the global coordinate system, the electric field at (x, y) for a line source at (
with k n = nπ/b and
The Maclaurin series expansion of u(x, k) for low frequencies (i.e., about
(15) For reasons that will become clear in the following sections, it is convenient to rearrange (12) as
By noting that and
it is possible to use (16) in (10) and (11) to give new expressions for the impedance parameters as
In Fig. 4 , the input impedance Z pp according to (20) is shown for the PCB of Fig. 3 with parameters as given in Table I . The N = 20 capacitor ports are defined for later connection of decoupling capacitors. For the results in Fig. 4 , these ports are left open circuit and can be ignored. The factor J 0 (kr v ) 2 ≈ 0.999996 ≈ 1 at the highest frequency of 350 MHz and so can be set to 1 with negligible error. Fig. 4 shows that, for frequencies below 100 MHz, the first two terms, namely the static capacitance and the series inductance are a good approximation for the complete expression. The third term M pp contributes an insignificant amount for frequencies below 100 MHz, but has a significant influence at higher frequencies and contributes the resonance behavior associated with the propagating modes.
Equations (19) and (20) give the impedance parameters conveniently broken up into the static capacitance, the series inductance, and the resonance effects caused by the propagating modes. The following sections describe the different parts of the expressions.
A. Static Capacitance Term
The first terms in the brackets of (19) and (20) represent the static capacitance of the parallel planes, defined as
This part of the impedance is dominates at very low frequencies. It is obtained from the first term ofũ(x, x p , k).
B. Series Inductance Term
The second terms in the brackets of (19) and (20) correspond to equivalent series inductances
where L 1 represents an inductance term that is obtained from
The inductance L 1 corresponds to the series inductance seen looking into the parallel combination of two transmission lines, one of length x p and the other of length a − x p . This inductance term is not a function of the port radius. The term L 2 (x, y) is obtained from the second term in the brackets of (16) as
These terms involve summations of evanescent modes and correspond to the extra inductance due to the fact that the port is cylindrical and does not only excite propagating modes but also evanescent modes.
It is shown in the Appendix that these summations yield a closed-form solution for inductance (with error <0.2% for a > b) as
where the functions F qp and F pp are defined in Appendix A. It is clear from (25) that the transinductance L qp is not a function of the via radius but the input inductance L pp is a function of the via radius.
C. Propagating Term
The final terms in the bracketed part of the impedance expressions in (19) and (20) represent the impedance due to the propagating modes
The first term M 1 represents the propagating modes associated with a transmission line in the x-dimension and the final terms M 2 and M 3 represent the propagating modes that have additional y or r v dependence. They are obtained from the third and fourth terms in the brackets of (16) as
The M 2 term involves an infinite summation. The summation can be truncated after few terms as it converges rapidly. The convergence of the summation is not affected by the port size, as is the case for the double summation formulas [1] - [10] . It is shown in the Appendix B that its rate of convergence for M terms is O [1/M 2 ] or better and that the truncation error is bounded approximately by (51).
In Fig. 5 the input impedance Z pp according to (19) is compared with the input impedance for the double summation technique [see (52)] for the geometry of Fig. 3 and Table I without capacitors and with a port size of r v = 1 mm.
For the double summation, a small square port as in Fig. 1 (a) with sides ∆x = ∆y = πr v /2 so as to have the same circumference as the cylindrical port is used. For the evaluation of (19) , only ten terms are used for the summation. For the double sum, at least 80 × 80 = 1600 terms are required to give the same result.
The PCB should be oriented with the longest dimension in the x-axis (i.e., a ≥ b) so that the 0.2% error bound for the inductance (42) and the truncation error bound (51) as shown in the Appendix are valid.
Finally, it is interesting to note that, with the exception of the (J 0 (kr v )) 2 term, the transfer impedance is not a function of the port size r v .
V. LOADED PLANES
The addition of decoupling capacitors to the power ground planes can be modeled by adding impedance loads to the ap- to (x N , y N ) . Assume further that all capacitors are of the same value and that their loading impedance at the ports can be modeled as a lumped inductor-capacitor-resistance (LCR) series circuit as
where C d is the capacitance of each of the added capacitors, L d is the combination of the capacitors equivalent series inductance (ESL) and mounting inductance, and R d is the capacitors equivalent series resistance (ESR).
Using N -Port circuit theory as in [13] and [14] the loaded input and transfer impedance for ports p and q (in terms of their unloaded impedances) are
where the superscript " " is used to denote the loaded impedance parameters. The second matrix on the right-hand side of (31) requires the inversion of an N × N matrix
where [Z N N ] is the N × N impedance matrix corresponding to the capacitor ports, [Z qpN ] is a 2 × N impedance matrix and corresponds to the transfer impedances between ports q, p and the N capacitor ports. For low-frequency analysis, these matrices can be approximated as
wherel p andl q are 1 × N vectors containing the series inductance associated with transfer impedances from ports p and q to the N capacitor ports, respectively.
contains the inductances associated with the N capacitor ports. The vectorô N is of length N and contains all 1 s. All these inductance parameters can be obtained using (22) . If the eigen vectors and eigen values of [L N N ] arev i and λ i , respectively, then, with the following definitions:
The remaining parameters Z 
VI. CASE STUDY
The use of (31) with (40) for analyzing the loading effect of multiple capacitors can be demonstrated by considering, as an example, the power ground planes shown in Fig. 3 with the parameters of Table I The loaded transfer impedances are first calculated using the full cavity solution of (19) and (20) in (32) and (31) to give impedance values that are correct for a wide range of frequencies. This method is referred to as the "full cavity" method. The loaded low-frequency parameters are then calculated according to (31) but by using the low-frequency approximations (40) for Z 
VII. DISCUSSION OF RESULTS
The results presented in Figs. 6 and 7 will be discussed by considering three frequency regions indicated as A, B, and C.
A. Low-Frequency Region
In the low-frequency region, all the impedances are governed by the combined effect of the capacitance of the planes C b and the total added decoupling N × C d . In this region, the agreement between the full cavity and LC methods is very good.
B. Capacitor Interaction Region
The next frequency region contains the interaction of the decoupling capacitors C d with each other by means of the planes. These interactions are a consequence of the poles of y i (ω) in (35). The poles occur at
where i = 1, 2, 3, . . . , N. Thus, there is one pole for every capacitor. The spread of the poles with frequency is determined by the spread of the eigen values λ i , which, in turn, depends on the location of the ports. The larger the value of C d , the lower these poles occur in the frequency spectrum. This is demonstrated in Figs. 6 and 7.
The damping of the poles 
C. Capacitor-Plane Interaction Region
The next frequency region consists of a single, well-defined pole that is easy to distinguish from the capacitor interaction region. This pole corresponds to the frequency for which the denominator of the second term in (40) is minimized. For ω ω i 's, the denominator can be approximated as
where L D is a combination of all the L d + λ i terms. This L D interacts with the board capacitance C b in this frequency region to produce another resonance. The location of this pole, as suggested by (41), is approximately independent of C d . Agreement in this frequency range is still acceptable, although as shown, this final pole may appear at frequencies that are even beyond the second cavity resonance of the unloaded planes. For still higher frequencies, the full cavity and the LC methods begin to diverge. Table II shows the computational advantage gained by using the LC method in contrast with using the full cavity method. The calculations were performed on a 2-GHz Pentium personal computer.
IX. CONCLUSION
Computationally efficient expressions for the impedance parameters of rectangular power bus structures have been developed. These expressions are valid over a wide frequency range but show specifically the behavior of the supply system at low frequencies. A cylindrical definition of the port has made it possible to identify the low-frequency characteristics of impedance without having to make approximations concerning the geometry of the port, such as it being rectangular or transforming it to a 1-D port. Furthermore, the separation of the low-frequency behavior from an infinite summation of impedance terms has given rise to a fast converging summation that has a quantifiable truncation error and is not influenced by the port size.
The low-frequency components of the impedance expressions were used to develop a method for studying the interactions between loading capacitors and the power ground planes. The low-frequency approach, as expected, gives good results for frequencies below the first cavity mode of the system. However, from the case study presented, it is shown to give good results for frequencies, that are even above the second cavity resonance. This is somewhat surprising as for these frequencies, the unloaded parameters exhibit cavity resonances that are not predicted by the LC impedance. It is possible that the number of capacitors and the regularity of their distribution will affect the upper frequency to which the algorithm can be used. An understanding of the factors would be beneficial.
As the low-frequency model uses an LC representation for the characteristics of the planes, it only accounts for 1/ω and ω frequency trends of the unloaded parameters. This makes it difficult to include copper loss due to skin effect, as this has a √ ω trend. Dielectric losses, however, can be incorporated as a loss tangent in the dielectric of the "C" component of the model. 
it follows that L 2 (x, y) of (24) is approximately
cos k n (y p + y) + cos k n (y p − y)
The total error made in the approximation in (42) is less than 0.2% (i.e., the largest error is exp(−2π) for a = b and N = 1). Since cosh and ∞ n =1 z n /n = − ln |1 − z| (see [10] ), it is possible to write expressions (25) as (24) 
where k xm = mπ/a, k y n = nπ/b and C n = 1 for n = 1 and C n = 2 for n = 1.
